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Unsteady state heat t r ans fe r  between a highly the rmal ly  conductive body and the rmoreae t ive  
mix tures  is  analyzed. A method is  p re sen ted  for  determining the effect ive thermophysica l  
t empera tu re  prof i les  in a sphere cooling in the tes t  mixture .  

Mixtures of sand and thermoset t ing  res in  are  used in the product ion of founder ba rs  (castings). Dur -  
ing product ion these mix tures  are  blown pneumat ical ly  into p rehea ted  (180-300~ mould to fil l  i t  complete ly  
in a shor t  t ime of a few seconds p r i o r  to solidification. 

This paper  was wri t ten because improvements  in product ion teclmology requi re  a s s e s sm en t  of energy  
consumption. It also gives prof i les  for  es t imat ion  of the development  of the t empera tu re  p rof i l es  needed in 
the determinat ion for  solidification kinetics.  Solidification resu l t s  f rom seve ra l  s imultaneous physica l  and 
chemical  p r o c e s s e s  which are  not yet  adequately understood. An ideal ized represen ta t ion  of the product ion 
p r o c e s s  was studied with the heat  t r ans fe r  p a r a m e t e r s  having known values.  The thermophys ica l  p a r a -  
me t e r s  were de te rmined  under conditions s imi la r  to the r ea l  p rocess ,  i . e .  conditions of the rmal  shock 
(near instantaneous filling of the mould to expose the the rmereac t ive  mixture  v e r y  rapidly to heating) be-  
fore  the heating pene t ra tes  deeply through the volume (in product ion the heating per iod  is brief).  

The simulation analyzed was as follows. An i so the rmal ly  hot body (a plate or  sphere) was placed in 
contact  with the tes t  mixture .  The resul t ing  heat  t r ans fe r  was r ep resen ted  by the conduction equations 
with constant  coeff icients  

00 (X, T) 0~0 (X, T) 
- -  (1) 

OT OX 2 ' 

where 

19 = t .-- t_____2 _ .  ; X --  c292x ," T --  ~c2P2X for a plate 
t o - -  to, clpxl (ClPl/) ~ 

0 c~p~r ( t - - t= )  . X - -  c'p2r �9 T - -  ~~ , for a sphere, 
qplro (t o - -  t| ' qp,ro (Qp, r,)" 

(2) 

F or  the init ial  condition (T = O) where the thermal  shock occurs  (contact of the hot body with the cold 
mixture):  

19(0, 0 )=  t, 19(X, O)=0  foraplate 
(3) 

19(K, 0 ) = K ,  19(X, 0)---0 for a sphere. 

At the boundary (the heat balance between the phases):  

019 (0, T) 00 (0, T) 
- -  for a plate 

OT OX 
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Fig.  1. Temperature  of body 
and Nusselt  number versus  
time, 1-5) sphere;  6) plate). 

o~(K, T) = 3 [ 0 0 ( K '  T) 
aT [ ~ - ~  

For  the terminal  condition 

O(K, T) ] for a sphere. 
K ] 

0 ( ~ ,  T)=  0. 

Manipulation gave the following solutions for  a plate 

for  a sphere 

( x )  
O (X, T) = exp (X + T) erfc ] /T  + 2 - - 7 ~ ,  : 

T 

O(X, T)= j'O(K, T).F(X, T T) dT, 
o 

where 

when (3/4)K > 1; 

when (3/4)K= 1; 

"when. (3/4)K < 1. 

F(X, T) X - - K  exp [ 
2 ~ ~T n 

2 T 

0 (K, T).- K [ k_~ -~ k~k,_, exp (k~T) erfc (k I V-T) - 
2 2 L kt--k2 

(X 4TK)S ] ; 

k s-~ !-- klk, ,. . . ] 
k~ k2 2 exp (kr.,T) erfc (k s V-T) , 

O (K, T) = K [ (1-- 2g2T) exp (~ST) erfc (g ~/ T) --  2~ / ~ - - ~  ] , 

0 (K, T) -- K {erfc (<z ]/-T) exp [(~z ~) T] 

o 

• [2(z cos 2~T ([B -- y) -- 2[~ sin 2(zT ([3 -- y) ] dg },, 

(4) 

(5) 

(6) 

(7) 

(8) 

(9) 

(lO) 

(11) 
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Fig. 2. Expe r imen ta l  instal lat ion:  1, 1 4 ) p o t e n t i o m e t e r s ;  
2 ,4 ,  5, 6, 7, 10) the rmocouples ;  3) coupling shoe; 8) bush; 
9) sphere ;  11) lower  box; 12) hollow rod; 13) upper  box. 

In these equations 

V Y �9 

These solutions fo rm ed  the bas i s  of the p r e s e n t  method of de te rmin ing  the effect ive the rmophys ica l  
coeff ic ients .  In p r ac t i c e  it  is  difficult  to m e a s u r e  the t e m p e r a t u r e  of the t he rmoreac t i ve  mix ture  but the 
the rmophys ica l  coeff ic ients  can neve r the l e s s  be obtained f r o m  the cooling t e m p e r a t u r e  p ro f i l e s  of the heated 
body in the mixture .  The t e m p e r a t u r e  changes in the hot body during cooling provide  sufficient  data fo r  
specifying the heat  t r a n s f e r ,  as  d e s c r i b e d  by the above equations but in the r e v e r s e  direct ion.  Plot t ing the 
t e m p e r a t u r e  agains t  t ime for  the s imulat ion model  p rov ides  informat ion  about t e m p e r a t u r e / t i m e  var ia t ion  
a t  the in te r face  (a boundary  condition of the f i r s t  type) and the hea t  flux into the  mix ture  (a boundary con-  
dition of the second type (4)). 

Hence, cons ider  the solution for  body sur face  only (equation (6) when X = 0 fo r  a plate and equations 
(9)-(10) for  a sphere) .  F r o m  the cooling prof i le  i t  i s  poss ib le  to de te rmine  the t h e r m a l  coeff ic ient  
e = v ~  2 P202, which f o r m s  the non-d imens iona l ized  t ime since equation (6) for  X = 0 contains only T as  a 
var iab le .  The cooling sphere  prof i le ,  unlike that for  a plate~ a l loys  the two independent coeff ic ients  e and 
k to be de te rmined  since K occu r s  in the equation. Fo r  this r e a s o n  expe r imen t s  were  made with spheres .  

Although the pr inc ip le  of the method fo r  de te rmin ing  a and X is  p re sen ted  above, i t  i s  n e c e s s a r y  to 
show the val idi ty  of i t s  appl icat ion fo r  the r e v e r s e  d i rec t ion  of t r ans fe r .  In doing so i t  is  of i n t e r e s t  to 
notice the dual nature  of the sphere  cooling g raph  (Fig. la) with di f ferent  behavior  of the cu rve s  for  smal l  
and large values  of T. F o r  T--* 0 and K--" co e .g .  w h e n c e  sphere  rad ius  r 0 is  la rge  c o m p a r e d  with i t s  
scale  (equivalent pene t ra t ion  depths e~T/PiCl) the sphere  approx ima tes  to a plate  with a cooling curve  
dependent on the p a r a m e t e r  e. Fu r the r ,  when T -"  0 the re la t ionship  cha rac t e r i z ing  the t h e r m a l  shock [2] is  

1 / - - r -  
- ,-1/ (12) 

As shown in Fig. l a  when K ~ 0 the di f ference between the re la t ionsh ips  fo r  the s p h e r e  and plate  
i n c r e a s e s  even though the ini t ial  p a r t s  of the g raphs  m a y  sugges t  that they a re  the same.  The si tuation 
apparen t ly  p rec ludes  the poss ib i l i ty  of de te rmin ing  e f r o m  the expe r imen ta l  data. This  can however  be 
seen not to be so by noting that  the nondimensional  t ime  (Plctro)2/~2P2e2 contains the same  v a r i a b l e s  as 
K. If dec rea se  in K occu r s  with changes in P2C2 then a t r ans fo rma t ion  will be obse rved  with plott ing on 
axis  of ~ and T/K,  and s i m i l a r l y  with i nc r ea se  in PlCl with plott ing on axis  of ~ and T / K  2. This  substant ia l ly  
d e c r e a s e s  the nondimensional  t ime and s t ra igh tens  the init ial  p a r t  of the curve  dependent on the p a r a m e t e r  
e and dif ferent  f r o m  Fig. l a  when K --~ 0. 
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TABLE i .  
P a r a m e t e r s  

Effect ive Values of Thermophys ica l  T r a n s f e r  

dry sand 

504, ! 

0,256 

ThermoPhYSiCal .con - 
stants 

Test mixture 
wet sand 

543,4 

0,685 

~=5 % 

587,9 

1,099 

e, W. sr ~ 
�9 deg " 

X, W/m. deg 

wet mixture 

K4~-gD 

652,4 

O, 826 

K -27 

682,1 

0,805 

In acco rd  with the ana lys i s  Fig. lb shows that a f t e r  the init ial  unsteady state (the t he rma l  shock) a 
second stage develops and can be c h a r a c t e r i z e d  by an exponential  cooling curve  

N u =  2 K 00 / O ~ c o n s t ,  (13) 
3 OT / 

This is  cal led the s teady state.  For  smal l  values  of K, the Nusse l t  number  rapidly  approaches  2 which is 
r ep resen ta t ive  of a s teady  heat  t r a n s f e r  f r o m  a sphere  to an infinite medium.  (It i s  the unsteady state of 
the t r a n s f e r  which causes  the Nu = 2 to change. ) The cooling ra te  found the exponential  p a r t  of the e x p e r i -  
menta l  curve  al lows the value of X to be de te rmined  as  the only unknown in the Nusse l t  number .  

This ana lys i s  leads to the conclusionr of p r a c t i c a l  importance .  The two stage c h a r a c t e r  of sphere  
cooling curve  al lows the de te rmina t ion  of two independent the rmophys ica l  p a r a m e t e r s  and i t  a l so  enables  
the cooling p r o c e s s  to be control led by changing K. 

F igure  2 shows the appara tus  used. A copper  sphere  of 5 0  ram d i a m e t e r  with thermocouples  nea r  i ts  
cent re  and sur face  was heated to 250~ (this is  the t e m p e r a t u r e  used in product ion prac t ice )  and is  p laced  
in a wooden case .  This  case  was then rap id ly  fil led with the mix tu re  being tested.  To study the t e m p e r a -  
ture in the vicini ty  of the sphere ,  the rmocouples  were  p laced a t  var ious  d is tances  f r o m  i ts  surface .  An 
]~PP-09 po ten t iomete r  was used to r e co rd  the t e m p e r a t u r e  curves .  Dry  and wet sand mixed with KF-90 
and KF-27 r e s in  was used. 

The expe r imen t s  gave the rapid  cooling of the sphere  (par t icu lar ly  during the ini t ial  stage) and vary ing  
t e m p e r a t u r e s  in i t s  vicinity.  As expected no d i f ferences  were detected between readings  of the t h e r m o -  
couples inside the sphere .  

An a lgor i thm was cons t ruc ted  to de te rmine  the two t r a n s f e r  p a r a m e t e r s  f r o m  the expe r imen ta l  r e -  
suits.  The p rocedure  for  the a lgor i thm was to choose the e and X such that the bes t  a g r e e m e n t  between 
the theore t ica l  equation (11) and the expe r imen ta l  data was obtained (to min imize  the mean  square  deviation 
between these data and theory).  This  calculat iun was done by the smal l  d i f ference method by compute r  [3]. 

The r e su l t s  for  the the rmophys ica l  coeff ic ients  a r e  given in Table 1. As shown in Fig. 3 the two 
p a r a m e t e r  theore t ica l  curve  i s  in good a g r e e m e n t  with the expe r imen ta l  points  for  the sphere  cooling in al l  
cases .  The f igure c l e a r l y  shows the enhancement  of cooling by even smal l  mo i s tu re  levels  in the sand. 
The data cor responding  to product ion m i x t u r e s  appea r  amongs t  the cu rves  fo r  wet sand. Hence it may  be 
a s s u m e d  that the control l ing fac to r  in p rac t i ce  is  the mois tu re  ini t ia l ly contained in the res in  and  then e v a -  
pora ted  during solidification. The enhancement  of heat  t r a n s f e r  can be r e p r e s e n t e d  quant i ta t ively by the 
i n c r e a s e s  in the t r a n s f e r  and t he rm a l  conductivi ty coeff icient  above those with d ry  sand. 

With d r y  sand the the rmophys ica l  coeff ic ients  a re  close to thei r  no rma l  values  which control  heat  t r a n s -  
fe r .  The heat  t r a n s f e r  coeff icients  then obtained sa t i s fac to r i ly  desc r ibe  the t e m p e r a t u r e  field in the vic ini ty  
of the sphere .  Figure  3 shows the compar i son  between values  m e a s u r e d  fo r  a dis tance of 5 ram f r o m  the 
sphere  and calculated f r o m  equation (7). 

With wet sand and product ion mix tu re s  the heat  t r a n s f e r  i s  more  complex.  The ef fec t  of i nc rea sed  
t h e r m a l  conductivi ty in mo i s t  media  is well known [4]. The p r e s e n t  values  (Table 1) for  heat  t r a n s f e r  a r e  
however  even bigger  because  of the evapora t ion  a t  higher  t e m p e r a t u r e s .  Consequently effect ive values  
were  obtained using the s impl i f ied phys ica l  s imulat ion which cannot a ccu ra t e ly  r e p r e s e n t  the t e m p e r a t u r e  
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Fig. 3. Re la t ive  t e m p e r a t u r e  v e r s u s  t ime T (sec) 
(solid l ines,  calculat ion;  dots and dashed l ines ,  e x p e r -  
iment) .  On sphere  sur face :  1) d ry  sand; 2) mo i s t  
sand, ~ = 2%; 4) moi s t  sand, q~ = 5%. At a distance 
of 5 m m  f r o m  sphere  surface:  5) d ry  sand; 6) m i x -  
ture on r e s in  K-27 bas is .  

f ield in the vicini ty  of the sphere  which is control led by the t he rma l  conductivity a = k 2 / e 2 .  This  is  c l e a r l y  
shown by Figure 3 for  K-27 product ion mix tu res .  As es tab l i shed  above, the two p a r a m e t e r s  de te rmined  
control ing the cooling of the sphere  v a r y  with t ime as the p r o c e s s  p r o g r e s s e s .  This the re fo re  p r even t s  
the i r  being used for  calcula t ing o ther  dependent p a r a m e t e r s  specifying the development  of the t e m p e r a t u r e  
field. 

The effect ive values  of k and e can however  be used for  engineer ing  pu rposes ,  for  e s t ima t ing  the heat  
t r a n s f e r  f r o m  a me ta l  mould to cas t ing  mix tu res .  This  is conf i rmed by the good co r re l a t ion  of the e x p e r i -  
menta l  data for  the cooling sphere .  A second conclusion f r o m  the a g r e e m e n t  between the expe r imen ta l  
g raph  and the two p a r a m e t e r  theore t ica l  ana lys i s  for  the sphere  cooling is  that with care fu l  work  it is  p o s -  
sible to de te rmine  the two t r a n s f e r  p a r a m e t e r s  s e p a r a t e l y  f r o m  the t e m p e r a t u r e  field in the vicini ty  of the 
sphere .  

This  ana lys i s  shows that the s imulat ion used for  conduction without phase  changes al lows calculat ion 
of eff ic iency and ene rgy  consumption of foundry cas t ing  equipment.  Solution for  the kinet ics  of so l id i f ica-  
tion which cont ro ls  the ra te  of solid growth can be obtained only using an a lgor i thm allowing for  t rans i t ion 
and ene rgy  of phase  changes.  

C 

l 
r 

t 

K = P 2 c 2 / P i c  I 
7t 

P 
T 

= t - - t  ~ / t0 - - t  r 

N O T A T I O N  

is the heat  capaci ty;  
Is the th ickness  of pla te ;  
is the spher ica l  coordinate ;  
is  the t e m p e r a t u r e ;  
is the d imens ion less  coefficient;  
Is  the t he rm a l  conductivity;  
is  the densi ty  
ks the t ime;  
is  the d imens ion less  t e m p e r a t u r e  
is  the re la t ive  humidity.  

S u b s c r i p t s  

0 denotes the wall conditions; 
denotes  the infinity conditions; 

1, 2 denotes the p a r a m e t e r s  in body and in medium.  
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